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Abstract
In this paper, the linking theorem and the mountain pass theorem are used to show
the existence of nontrivial solutions for the p-Kirchhoﬀ equations without assuming
Ambrosetti-Rabinowitz type growth conditions, nontrivial solutions are obtained.
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1 Introduction




|∇u|p dx)]p–(–pu) = f (x,u), in ,
u = , on ∂,
()
where  ⊂ RN is a bounded domain, and pu = div(|∇u|p–∇u) is the p-Laplacian with





|∇u| dx)u = f (x,u), in ,
u = , on ∂,
()
began to attract the attention of several researchers only after Lion [] had proposed an
abstract framework for this problem. Perera and Zhang [] obtained a nontrivial solution
of () by using the Yang index and critical group. They revisited () via invariant sets of de-
cent ﬂow and obtained the existence of a positive solution, a negative, and a sign-changing
solutions in [].





|∇u|p dx)div(|∇u|p–∇u) = f (x,u), in ,
u = , on ∂,
for details see [–]. One of the authors has done some related work on this ﬁeld. Liu []





(|∇u|p + λ(x)|u|p) dx)]p–(–pu + λ(x)|u|p–u) = f (x,u), in ,
|∇u|p– ∂u
∂ν
= η|u|p–, on ∂.
©2013 Liu et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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However, to the best of our knowledge, there have been fewpapers dealingwith equation
() using the linking theorem and the mountain pass theorem. This paper will make some
contribution to this research ﬁeld.
It is well known (see []) that the eigenvalue problem
{
–pu = λ|u|p–u in ,
u =  on ∂,
has the ﬁrst eigenvalue λ > , which is simple, and has an associated eigenfunction φ > .
It is also known that λ is an isolated point of σ (–p), the spectrumof –p, which contains
at least an eigenvalue sequence {λn} and  < λ < λ ≤ λ ≤ · · · ≤ λn → ∞.
Let
W ,p () =
{
u ∈ Lp() :
∫

|∇u|p dx <∞ and u|∂ = 
}
be a Banach space with the norm ‖u‖ = ‖u‖p = (
∫

|∇u|p dx) p for u ∈ W ,p (). W =
span{φ} be the one-dimensional eigenspace associated with λ, where ‖φ‖ = . Let
W ,p () = W ⊕ V , where V = {u ∈ W ,p () :
∫








|u|p dx for u ∈ V .
When p = , we can take λ¯ = λ, the second eigenvalue of – in H().












 [M(s)]p– ds, F(x,u) =
∫ u
 f (x, s) ds. Obviously, 	(u) ∈ C(W ,p (),R) and















In this paper we use the following notation: Lp() denotes the Lebesgue space with the
norm | · |p; || denotes the Lebesgue measure of the set  ⊂ RN ; 〈·, ·〉 is the dual pairing of
the space (W ,p ())∗ andW
,p
 (); → (resp. ⇀) denotes strong (resp. weak) convergence.
C,C,C, . . . denote positive constants (possibly diﬀerent).
Deﬁnition  [] Let	 ∈ C(X,R), we say that	 satisﬁes the Cerami condition at the level





	′(un)→  as n→ ∞,
possesses a convergent subsequence; 	 satisﬁes the (C) condition if 	 satisﬁes (C)c for all
c ∈ R.
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Deﬁnition  [] A subset A of E is link (with respect to	 ) to B of E if A∩B = ∅, for every
 ∈ 	, there is t ∈ [, ] such that (t,A)∩ B = ∅.
Theorem  [] (Linking theorem) Let X = Y ⊕ Z be a Banach space with dimY <∞. Let
ρ > r > , and let z ∈ Z be such that ‖u‖ = r. Deﬁne
M =
{
u = y + λz : ‖u‖ ≤ ρ,λ ≥ , y ∈ Y},
M =
{
u = y + λz : y ∈ Y ,‖u‖ = ρ and λ ≥  or ‖u‖ ≤ ρ and λ = },
N =
{
u ∈ Z : ‖u‖ = r}.
Let 	 ∈ C(X,R) be such that
b = inf
N
	 > a =max
M
	.










γ ∈ C(M,X) : γ |M = id
}
,
then c is a critical value of 	.
Remark  If 	 satisﬁes the (C) condition, then Theorem  still holds.
Theorem  [] (Mountain pass theorem) Let X be a real Banach space, and let 	 ∈




}≤ α < β ≤ inf‖u‖=ρ 	(u).











γ ∈ C([, ],X) : γ () = ,γ () = u}.
2 Main results
In this section, we give ourmain theorem.Near the origin, wemake the following assump-
tions.
Suppose thatM : R+ → R+ is a continuous function satisfying the following conditions:
(m) there exists a constant m >  such thatM(t)≥m for all t ≥ ;
(m) there exists a constant m >  such that M(t) ≤ m for all t ≥  and Mˆ(t) ≥
a[M(t)]p–t, a > .
Caratheodory function f satisﬁes:
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(F) For some p < q < p∗ = NpN–p , there exists a constant C >  such that
∣∣f (x, t)∣∣≤ C( + |t|q–) for all x ∈ , t ∈ R.
(F) There exist  < α <mp– λ(a – ) and σ ∈ [,p] such that
lim inf|t|→∞
f (x, t)t – pF(x, t)
|t|σ > –α uniformly in x ∈ .
(F) lim|t|→∞ pF(x,t)|t|p = +∞ uniformly in x ∈ .
(F)′ lim inf|t|→∞ pF(x,t)|t|p >m
p–
 λ uniformly in x ∈ .
(F) lim sup|t|→ pF(x,t)|t|p <m
p–
 λ¯ uniformly in x ∈ .
(F)′ lim sup|t|→ pF(x,t)|t|p <m
p–
 λ uniformly in x ∈ .
(F) F(x, t)≥ m
p–
 λ
p |t|p, ∀(x, t) ∈  × R.
The main results of this paper are the following.
Theorem  Assume that (m), (m) and (F)-(F) hold, then problem () has at least one
nontrivial weak solution in W ,p ().
Theorem  Assume that (m), (m) and (F), (F), (F)′, (F)′ hold, then problem () has
at least one nontrivial weak solution in W ,p ().
3 Proofs of theorems
First, we give several lemmas.
Lemma  [] Under assumptions (m) and (F), any bounded sequence {un} ⊂ W ,p ()
such that 	′(u)→  in (W ,p ())∗ as n→ ∞ has a convergent subsequence.
Lemma  Under assumptions (m) and (F), the functional 	(u) satisﬁes the (C) condi-
tion.





	′(un)→  as n→ ∞. ()
We claim that {un} is bounded inW ,p (). For this purpose, we can suppose that ‖un‖ →
∞. By (F), there exists r >  such that
f (x, t)t – pF(x, t)≥ –α|t|σ , ∀|t| > r. ()
For large n, set n = {x ∈  : |u| > r}, () and () imply that there existsM >  such that
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f (x,un)un – pF(x,un)
]
dx











f (x,un)un – pF(x,un)
]
dx















This is a contradiction. Then {un} is bounded in W ,p (). By Lemma , we see that {un}
has a convergent subsequence inW ,p (). 
Proof of Theorem  We obtain from assumptions (m), (F) and (F) that for some ε > 
small, there exists C >  such that
F(x,u)≤ m
p–
 (λ¯ – ε)
p |u|
p +C|u|q, ∀x ∈ .
Taking u ∈ V , using the inequality ∫

|∇u|p dx≥ λ¯ ∫

|u|p dx and the Sobolev inequality








































Then there exists r >  such that b = infu∈V ,‖u‖=r 	(u) > .
Let z ∈ V , ‖z‖ = r and M = {u = v + λz : v ∈ W : ‖u‖ = ρ and λ ≥ , or ‖u‖ ≤ ρ and λ =
}, N = {u ∈ V : ‖u‖ = r}.

































p dx – F(x,u)
]
dx≤ .
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Since dimW ⊕ Rz <∞, there exists C >  such that
‖u‖p ≤ C|u|pp, ∀u ∈W ⊕ Rz.
By (F) and (F), there exists ρ >  such that F(x,u) ≥ m
p–

p C|u|p, ∀|u| > ρ . Let M =










































Hence, for ρ = ‖u‖ large enough, we have 	(u)→ –∞.
Then there exists ρ > r >  such that
inf
N
	(u) >  =max
M
	(u).
By Lemmas  and , 	 satisﬁes the (C) condition. Then the conclusion follows from
Theorem  and Remark . 
Remark  (i) There exists R >  such that pF(x,u) ≤ uf (x,u), ∀|u| ≥ R, x ∈ , which im-
plies ∀|u| ≥ R, x ∈ ,
f (x,u)u – pF(x,u)≥  > –α|u|σ .
Then
lim inf|t|→∞
f (x, t)t – pF(x, t)
|t|σ > –α uniformly in x ∈ .
Hence (F) is much weaker than Ambrosetti-Rabinowitz type growth conditions.
(ii) If f (x,u)u – pF(x,u)→ +∞, as |u| → ∞ uniformly in x ∈ , then
lim inf|t|→∞
f (x, t)t – pF(x, t)
|t|σ ≥  > –α uniformly in x ∈ .
Example  Set
f (x, t) =
⎧⎪⎨
⎪⎩
, t < ;
mp– λ˜tp–, ≤ t ≤ ;
tp– ln t +mp– λ˜tp–, t > ,
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where λ < λ˜ < λ¯,mp– λ +  <m
p–
 λ˜. Then it is easy to verify that f (x, t) satisﬁes (F)-(F)
with σ = p. When t < , we can use odd expansion to f (x, t).
Example  Set
f (x, t) =
⎧⎪⎪⎨
⎪⎪⎩
, t < ;
mp– λ˜tp–, ≤ t < π ;
mp– λ
p [q′(x, t)tp + pq(x, t)tp–] +m
p–




t sin t, t ∈ [kπ , (k + )π );
sin t
t , t ∈ [(k + )π , (k + )π )
(k = , , . . .),
q(x, t) =
∫ t




 λ˜. Then it is easy to verify that f (x, t) satis-
ﬁes (F)-(F) with σ = p. When t < , we can use odd expansion to f (x, t).
Proof of Theorem  Weobtain from assumptions (m), (F), (F)′ that for some ε >  small,




p (λ – ε)|u|
p +C|u|q for all x ∈ .






|u|p dx and the Sobolev in-








































Then there exists ρ >  such that inf‖u‖=ρ 	(u) > .
By (F) and (F)′, there exist β > λ, ε > , ρ > , and β – ε > λ such that |u| > ρ ,
F(x,u)≥ m
p–
 (β – ε)
p |u|
p.
LetM =max{, inf‖u‖≤ρ F(x,u)}, then we have
F(x,u)≥ m
p–
 (β – ε)
p |u|
p –M.
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 – β – ε
λ
)
|t|p +M|| → –∞ as t → ∞.
Hence there exists u = tφ ∈W ,p (), ‖u‖ > ρ such that 	(u)≤ .
Then





Summing up Lemma  and Lemma , 	(u) satisﬁes all the conditions of Theorem ,
then the conclusion follows from Theorem . 
Remark  The result of Theorem . in [] corresponds to our results for the case m =
m =  and (F+ )μ replaces (F). It is easy to see that (F) is much weaker than (F+ )μ, hence
the results of Theorems  and  extend the results of [].
Example  Set
f (x, t) =
⎧⎪⎨
⎪⎩
, t < ;





 μt, t > ,
where p is odd, μ > λ > μ,







 μt, t < –;





 μt, t > ,
where p is even, μ > λ > μ.
Then similar to [], it is easy to verify that f (x, t) satisﬁes (F), (F), (F)′, (F)′ with
σ = p.
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